All Raman-active phonon modes of YBa 2 Cu 3 O 7 are investigated by first-principles linearized augmented plane-wave calculations based on density-functional theory for a fully optimized crystal structure. The calculated frequencies as well as the Raman scattering intensities are in excellent agreement with measured Raman spectra. The effect of site-selective isotope substitution on the Raman spectra is investigated. The substitution not only shifts the phonon frequencies, but also leads to dramatic changes in the scattering intensities.
I. INTRODUCTION
The electronic properties of high-T c superconducting cuprates are strongly governed by their crystal structure. Displacements of ions from their equilibrium positions as caused by vibrational modes lead to changes in the electronic structure, due to strong electron-phonon coupling in these compounds. Electron-phonon coupling and the role of the lattice were subject of investigation since the discovery of high-T c superconductivity. Results of these investigations indicate the importance of the coupling of electrons to the lattice in the normal state as well as a significant relation between phonons and the superconducting transition.
When ions are displaced from their equilibrium positions, the increase of the total energy leads to lattice forces which push them back and thereby result in lattice vibrations. At the same time the crystal's electronic structure and the related properties are changed. When an electromagnetic wave propagates through a crystal, its frequency is changed due to the modulation of the dielectric tensor caused by the timedependent ionic displacements. This light scattering by lattice vibrations results in the Raman process.
Since Raman scattering is determined by the influence of the ionic motions on the electronic states in a wide energy range, Raman spectroscopy provides valuable information on both, the lattice properties as well as the electronic subsystem. The total energy and the dielectric tensor as a function of the atomic coordinates required for the theoretical description of the Raman spectra can be obtained by firstprinciples band-structure methods within the frozen-phonon approach. The total energy and the atomic forces acting on the displaced ions yield the force constants necessary to determine phonon frequencies and eigenvectors, while also the dependence of the dielectric tensor is used to calculate the Raman intensities.
First-principles calculations appeared to be very useful for describing the properties of high-T c cuprates close to optimal doping, where they demonstrate good metallic behavior. While the Raman spectra of YBa 2 Cu 3 O 7Ϫx have been measured on some underdoped samples, 1,2 the corresponding theoretical investigations are still lacking. This is due to the fact that first-principles calculations require an ordered structure which would lead to huge supercells for arbitrary doping levels. In this paper we focus on YBa 2 Cu 3 O 7 which is best studied, experimentally as well as theoretically. It turned out that best agreement with experimental data is achieved when the crystal structure is optimized theoretically, i.e., when unit-cell volume, axis ratios, and atomic positions are obtained by searching for the lowest total energy. 3 In order to study vibrational properties and phonon Raman scattering we have performed frozen-phonon calculations within this optimized crystal structure. We focus our attention on the Raman-active modes ͑zero-momentum transfer͒ which are divided into three symmetry classes: A 1g , B 2g , and B 3g . Each class contains five eigenmodes which are coupled vibrations of Ba, the plane copper atom Cu2, the plane oxygens O2 and O3, and the apical oxygen O4. The A 1g modes represent c-axis vibrations of these five atoms, while within the B 2g , and B 3g modes these atoms move in the a and b direction, respectively. The spectral densities of inelastic light scattering are quantitatively compared to measured spectra. Our approach also gives us the possibility to consider the site-selective isotope substitution and its influence on the phonon frequencies and scattering intensities.
II. METHOD

A. Raman scattering in the frozen-phonon approximation
In Raman spectroscopy a light beam with frequency rmI irradiates a crystal, where the spectrum of scattered light is investigated. The spectrum of scattered light contains peaks around the frequencies S ϭ I Ϫ ph ͑Stokes process͒ and S ϭ I ϩ ph ͑anti-Stokes process͒, where ph is a phonon frequency. To calculate the scattering probability, first the frequencies and eigenvectors of the zero-momentum phonons are determined by solving the eigenvalue equation
Here Q ϭ(e 1 , . . . ,e ␣ , . . . ,e N ) is the eigenvector of the phonon mode with frequency , which, in general consists of 3N components, where N is the number of atoms per unit cell. Index ␣ϭ1, . . . ,N numerates the ions, and e ␣ is the displacement of the ion. The elements of the dynamical matrix D are the mass-weighted force constants
͑2.2͒
where E tot is the total energy of the system as a function of ionic displacements u j ␣ , M ␣ is the mass of atom ␣, and j,l ϭx,y,z are Cartesian indices. Generally, they couple all 3N degrees of freedom, since the displacement of atom ␣ in direction j can result in a force acting on atom ␤ in direction l. However, the dynamical matrix D is usually split in smaller blocks determined by the crystal symmetry, allowing a simpler treatment of the problem. As a result, some components of the vector Q vanish. For YBa 2 Cu 3 O 7 , each of the classes-A 1g , B 2g , and B 3g -is represented by a 5ϫ5 block of the dynamical matrix. The atomic displacements in a given mode are expressed by
͑2.3͒
Within the frozen-phonon approximation, the atomic displacements are treated as a quasistatic perturbation, which influences the electron band energies and wave functions, and increases the crystal's total energy. After calculating the total energies for different displacement patterns the energy surface can be expanded as a polynomial in all displacement coordinates,
where the coefficients are obtained by a fitting procedure. The numerical effort is dramatically reduced if not only the total energy is computed self-consistently, but also the forces acting on the atoms within the unit cell. In this case, the coefficients can be determined by fitting the atomic forces, where the number of configurations needed scales linearly in N. This procedure not only improves the accuracy of the results by providing more data for the same number of configurations, but makes the investigations of complex systems like high-T c materials feasible. 4 From the energy surface the force constants are computed, where the phonon frequencies and eigenvectors Q are obtained by diagonalizing the dynamical matrix, i.e., solving Eq. ͑2.1͒. After diagonalization, the energy can be written as a one-dimensional potential as a function of each phonon eigenvector,
with the frequency of the mode determined by the coefficient a 2 . A theoretical analysis of phononic Raman intensities in crystals has been given by several authors. [5] [6] [7] In this paper, we follow the description of the Raman scattering process derived with the aim to calculate Raman spectra from observables which can be directly obtained from frozen-phonon ab initio band-structure calculations. 8, 9 The quantummechanical expression for the Raman efficiency caused by the transitions between the eigenstates ͉i͘ and ͉ f ͘ with energies E f and E i , respectively, is given by
where N ⍀ ⍀ is the coherence volume with ⍀ being the volume of the elementary cell, and c is the velocity of light. j and l denote the polarization direction of the incident and scattered light, respectively. Here we restrict our considerations to one-phonon scattering, while the higher-order perturbation processes are described in the Appendix. The matrix element of the transition arising due to fluctuations of the dielectric function in a phonon mode Q has the form
͑2.7͒
Here we have made use of the adiabatic approximation, i.e., writing the eigenstates of the many-body system as a product ͉͘ ͉g͘ of vibrational states ͉͘ and electronic states ͉g͘, where the latter are independent of Q . Thus the transition between the eigenstates occurs in the phononic subsystem only with ͉i͘→͉ f ͘ϭ͉͘ ͉g͘→͉͘ ͉g͘. In this case the matrix element in Eq. ͑2.7͒ is a product of an electronic and a phononic contribution, which can be evaluated separately. The total Raman efficiency of one phonon mode at temperature T is given by the thermal average over the contributions of all possible transitions:
͑2.8͒
This expression describes the integrated line intensity of the observed Raman spectrum. For direct comparison with experiment the spectral density as a function of the Raman shift R ϭ I Ϫ S can be obtained by introducing a normalized line shape L in account for phonon lifetimes:
where ⌫ is the phonon linewidth, and is the phonon frequency. For L( R , ,⌫), usually a Lorentzian shape is taken.
Like the phonon potential in Eq. ͑2.5͒, the frequency dependent dielectric tensor can be expanded as a polynomial in terms of the phonon eigenvector with the coefficients being obtained by fitting to the first-principles results:
͑2.10͒
In this case the derivatives of the dielectric functions appearing in Eq. ͑2.7͒ are represented by the coefficients of the polynomial at the incident photon energy. The pure vibronic matrix elements are calculated numerically after solving the harmonic ͑or anharmonic͒ oscillator problem for the potential given in Eq. ͑2.4͒. The expressions ͑2.5͒ and ͑2.10͒ thus contain all the information necessary from the band-structure calculations to determine the Raman spectra for a certain eigenmode. One can see from Eq. ͑2.7͒ that the eigenvectors of the vibrations are crucially important for the Raman scattering intensities, and therefore precise knowledge of all relevant force constants is needed to reliably describe the Raman spectra.
B. Computational details
The calculations, which are based on density-functional theory ͑DFT͒, are carried out within the full-potential linearized augmented plane-wave ͑LAPW͒ method 10 using the program package WIEN97. 11 Exchange and correlation effects are treated within the local-density approximation ͑LDA͒. In order to account for overbinding effects by LDA we fully relaxed the crystal structure, 3 i.e., lattice parameters as well as atomic positions. Thereby the volume turned out to be 6% smaller than the experimental one. The so obtained geometry was the starting point for the frozen phonon calculations to determine frequencies and eigenmodes of all 15 Ramanactive phonons and the scattering intensities for the 5 A 1g vibrations.
Our basis set includes approximately 2000 basis functions supplemented by local orbitals for the treatment of semicore states Y-4s, Y-4p, Ba-5s, Ba-5p, Ba-4d, Cu-3s, Cu-3p, O-2s. For the A 1g modes the Brillouin-zone integrations were carried out on a k-point mesh consisting of 243 points in the irreducible wedge ͑IBZ͒ using a Gaussian smearing of 0.002 mRyd. For the B 2g and B 3g vibrations 144 k points in the IBZ turned out to give sufficient accuracy. In all cases, the k-point mesh was further increased for the computation of the dielectric tensors. The details of the optimization procedure can be found in Ref. 3 .
The force constants were established by least-square fits of atomic-force values calculated for 8 to 13 different distortion patterns for each class of modes ͑the actual number depending on the symmetry͒. After diagonalization of the dynamical matrix the atoms were again displaced along the eigenvector. Thereby we could cross check the accuracy of the fitting procedure and, more important, accurately describe the dielectric tensor as a function of displacement according to the exact normal coordinate as given in Eq. ͑2.10͒. Table I shows the phonon frequencies and the corresponding eigenvectors of all the Raman-active modes obtained by solving Eq. ͑2.1͒. Although the A 1g data have been published elsewhere 3 they are repeated for completeness and further comparison to the results for site-selective isotope substitution. All phonon frequencies excellently reproduce their experimental counterparts, with a significant improvement achieved compared to the calculations carried out for the experimental structural parameters. 4, 18, 19 The corresponding eigenvectors generally reflect the fact that the motion of one atom is now less influenced by the displacement of the other atoms. This was pointed out already in Ref. 3 for the A 1g modes. In particular, it should be mentioned that the O4 contribution to the O2-O3 mode is much smaller in comparison to the result obtained with experimental lattice parameters, since this admixture is responsible for dramatic effects on the Raman-scattering intensity as will be shown below. It should also be mentioned that the eigenvectors are in good agreement to those estimated from experimental data. 22 For the B 2g and B 3g vibrations, the modes are clearly dominated by one atomic species. Note that O2 ͑O3͒ in the B 2g (B 3g ) mode has a large vibrational frequency due to the stretching of a rigid Cu-O2 ͑Cu2-O3͒ bond in x(y) direction.
III. RESULTS AND DISCUSSION
A. Phonon frequencies and eigenvectors
In addition to already published experimental data, microRaman measurements have been performed on single crystals at room temperature using the scanning multichannel technology. 20 From the different polarization geometries the phonon frequencies have been determined for the different symmetry species as given in Table I . In contrast to the data available in literature, the frequencies of the totally symmetric modes have been taken in (zz) polarization. Due to the absence of interference of the phonons with the electronic background in this geometry we could determine the bare frequencies, which are 123, 152, 442, and 500 cm Ϫ1 . Only the out-of-phase oxygen vibration ͑often denoted as the B 1g mode͒ at 338 cm Ϫ1 has been measured in the usual 45°r otated (xЈyЈ) cross polarization in the (xy) plane because of its extremely small intensity in (zz) polarization. The absolute cross sections have been determined by accounting for absorbance, reflection, and refraction. The A 1g spectra are given in Fig. 2 . The measured B 3g spectra clearly show the O2 mode at 378 cm Ϫ1 , which is excellently reproduced by our calculations.
B. Raman intensities
The calculated spectral densities are shown in Fig. 1 for diagonal scattering geometries at room temperature. For the Lorentzian line shapes an overall line broadening of ⌫ ϭ35 K has been chosen. Theory quantitatively reproduces the experimentally measured intensities presented in Fig. 2 . For comparison, in Fig. 1 the calculated intensity of the Ba and Cu mode are displayed ͑gray lines͒ when a smaller broadening of 18 K is used for the two low-energy modes. With this choice, for the (zz) polarization not only the integrated intensities, but also the spectral densities excellently agree with their experimental counterparts. The intensities of the in-plane polarizations are more than one order of magnitude smaller than those in (zz) geometry as already found by Heyen et al. 21 in the resonant Raman scattering. The resonant behavior of the total efficiency S zz () ͑that is the integrated spectral density͒ is presented in Fig. 3 . Since Raman-scattering experiments exhibit the phonon frequencies but at the same time probe the components of normal vectors, the Raman intensities contain much information about the precision of the calculated eigenvectors. The displacement of the apical oxygen has the strongest effect on the electronic structure and thus gives rise to the biggest scattering intensity 21, 23 among the A 1g modes in (zz) polarization. Since ‫ץ‬ zz ()/‫ץ‬u O4 , i.e., the change of the dielectric function with O4 displacement, is large, the contribution of the apical oxygen plays an important role for the Raman intensity of both the O4 and O2ϩO3 modes. The dependence of zz () upon displacements of the atoms with respect to the eigenvectors of these two modes is seen in Figs. 4 to zz (). Due to a resonance of the incident light with the interband transition between the bands where these orbitals are heavily involved, zz () is strongly modulated by the ion displacement. For the in-plane states this matrix element arises only due to the small buckling of the CuO 2 layers, being weakly modulated by the displacements of plane oxygen ions. For that reason the plane oxygen ions give a relatively small contribution to the Raman activity in (zz) polarization.
Previously, a good overall agreement between theory and experiment of the Raman intensities as a function of I was found. The only exception was the O2-O3 mode in (zz) polarization where a much too high intensity was obtained by the linear muffin-tin orbital ͑LMTO͒ calculations. 21 This behavior can be understood by the large contribution of the O4 displacement in the normal vector used in Ref. 21 . As can be seen in Figs. 1 and 3 this discrepancy is lifted when taking into account the eigenvector displayed in Table I . In excellent agreement with experiment 21, 22 the intensity of the O4 mode at the peak position is approximately seven times as big as for the O2ϩO3 mode, whereas the Raman efficiency of the O2-O3 mode is two orders of magnitude smaller than that of the O4 vibration.
During the vibrations of B 2g and B 3g symmetry, the atoms are displaced from positions lying in a mirror plane. The displacement to both directions is equivalent leading to a symmetric potential and a saddle point in the dielectric function j j . For the latter reason, the first derivative of this quantity and hence the Raman intensity in diagonal polariza- tions is zero. Due to the lowering of the symmetry finite nondiagonal terms are allowed, but they are very small. Indeed, the measured Raman intensities are two orders of magnitude smaller than those of the A 1g modes. This finding is also reproduced by our calculations.
C. Site-selective isotope effect in Raman spectra
Technologically, it is possible to produce the YBa 2 Cu 3 O 7 crystals with a site-selective oxygen isotope substitution, i.e., where only the plane or the apical oxygen sites are occupied by another isotope. 24 -28 Thereby the influence on T c strongly depends on the type of the substitution. Replacement of oxygen atoms by their 18 O isotopes has two effects on the Raman spectra. First, the vibrational frequencies are lowered due to the increased ionic mass. Second, the phonon eigenvectors are altered as well. As already mentioned above, the Raman intensities strongly depend on the eigenvector of a mode, and therefore modifications in the eigenvectors directly cause changes in the phonon intensities. 29 In contrast, a substitution of all oxygens by isotopes, only cause a frequency decrease of the oxygen modes by ͱ16/18 and does not affect the eigenvectors, since the oxygen modes can be regarded to be decoupled from the Ba-Cu subsystem. Figure 6 presents the Raman intensities for two different cases of the 16 O→ 18 O substitution compared to the results for the nonsubstituted crystal. The eigenvectors and frequencies are represented in Tables II and III , respectively. The dramatic effects of the site-selective substitution on the intensities of the O2ϩO3 mode and the O4 mode can be understood in the following way. In the nonsubstituted crystals these modes are close in frequency and hence considerably mixed. 22 In the case of 18 O4 ( 18 O2, 18 O3) substitution the modes become more ͑less͒ close in frequency, and therefore the vibrations of the atoms involved get more ͑less͒ strongly coupled. This fact leads to changes in the Raman intensities as shown in Fig. 6 and their resonant behavior.
Excellent agreement between theory and experiment is found for the frequency shifts ͑see Tables II and III͒ where experimental data are available. 25 The relatively small deviations from the measured values can be understood by the uncertainties in the substitution: For the O4 substituted samples a 15% replacement of the plane oxygens was estimated. Since the O4 mode is nearly completely decoupled from the plane atoms, the additional replacement of plane oxygens does not affect the O4 frequency. In this case, the experimental frequency shift is in perfect agreement with theory. In contrast, the shift of the experimental O2ϩO3 frequency is enhanced by the shift can be seen in the spectrum, but no experimental value is given in Ref. 25 . At the plane oxygen substitution only a 5% replacement of the apical and chain oxygen was determined. Therefore the effects can be estimated to be much smaller than in the case discussed above. The experimental scattering intensities also allow for a comparison with the calculated spectra to some extent, e.g., the relative increase of the O2ϩO3 mode with respect to the O4 mode, when 16 O4 is replaced by 18 O4, is well reproduced by our calculations. For a detailed analysis, however, more information from experimental side is needed.
Isotope substitution at the 134 Ba and 65 Cu sites shows only a minor influence on the intensities of corresponding phonons. This effect can be understood by the small mixing of these modes, clearly seen in Table I . The effect on phonon frequencies and eigenvectors of the Ba and Cu dominated modes in all three symmetry classes are shown in Tables IV  and V. Comparison with experiments 30 for the A 1g modes as discussed in Ref. 9 demonstrates excellent agreement again confirming the precision of the calculated eigenvectors.
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APPENDIX
By taking into account the higher-order terms in the Q expansion of the dielectric function, we can write the matrix element for the transition between the states ͉͘ and ͉͘ in their general form ͑staying within the adiabatic approximation͒,
which reduces to Eq. ͑2.7͒ when only one specific mode at qϭ0 is considered. Here Q n ,q n is the eigenvector for the phonon branch n with momentum q n . Taking into account only one branch Eq. ͑A1͒ can further be split into one-, two-, three-phononic, contributions, etc., all of them with total momentum transfer q 1 ϩq 2 ϩ•••q n ϭ0 as needed for light scattering in solids: 
